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ABSTRACT 
The purpose of this study was to determine whether propor-
tional damping could be used to satisfactorily simulate the more 
practical nonproportional damping condition 1n multistory shear 
buildings. To accomplish this one computer program was written 
to analyze proportionally damped systems and another to analyze 
nonproportionally damped systems~ each givi~g as output the 
frequencies, mode shapes, displacements, shears and moments and 
the maximum shears and moments. 
Shear buildings of two, three and four stories were studied 
1n which the damping coefficients were varied from one to ten 
percent of critical damping. Although the programs could handle 
various other types, only linearly decreasi~g forcing functions 
were used. For the proportional system, the damping matrix was 
taken proportional to the stiffness matrix such that a good 
approximation to the nonpropo:t•tional dampi!lg matrix was obtained. 
The resulting shears at one particular time and the maximum 
shears were then compared. For the structures investigated it 
was found that the proportionally damped systems, in comparison 
··to the nonproportionally damped systems, yielded conservative 
values for the shears examined whereas the maximum shears were 
almost identical to those in the nonproportional system. 
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LIST OF SYMBOLS 
A list of symbols is written here for convenlence. In all 
cases a capital letter in brackets, [ ], represents a matrix 
and its lower case subscripted equivalent represents an element 
of that matrix. Also, the symbol [ J represents a diagonal 
matrix. 
[A] = coefficient matrix in the equations of motion for a 
nonproportionally damped system. 
[B] = coefficient matrix in the equations of motion for a 
nonproportionally damped system. 
[C] = damping matrix. 
c. = damping coefficient of i-th story. 
J_ 
cr = critical damping coefficient. 
[D] = -[B]-l[A]. 
E = modulus of elasticity. 
[F] = forcing function matrix. 
= forcing function of i-th story. f. J_ 
= constant forcing function. fl. l. 
f2i = time dependent forcing function. 
f3i = amplitude of sinusoidal forcing function. 
f5i = amplitude of cosinusoidal forci!lg function. 
L2HJ = uncoupled damping matrix for a proportionally damped 
system. 
[IJ = identity matrix. 
I. = moment of inertia of J_ the columns in the i-th story. 
[K] = stiffness matrix. 
k. 
J_ = stiffness of i-th story. 




= length vector. 
M. 
J.. 
= moment at point 1. 
= mass matrix. 
m. = mass of i-th story. 
J.. 
n = number of stories or degrees of freedom in a building. 
EPJ = circular frequency ma·trix for a nonpropor·tionally damped 
system. 
= circular frequency squared matrix for a proportionally 
damped system. 
p. = circular frequency of i-th mode. 
J.. 
[Q] = transformation matrix. 
[o.] = i-th normalized mode shape . 
.... ]_ 
R = "real part of." 
t = time. 
V. = shear 1n i-th story . 
1 
w. = frequency of sinusoidal and cosinusoidal forcing function. 
1 
[X] = displacement matrix. 
x. = displacement of i-th story. 
J.. 
[X.] = i-th mode shape f or a proportionally damped system. 
J.. 
[X .. ]= matrix whose columns are the mode shapes of a proportion-]1 
ally damped system. 
[X'] = uncoup l ed displac e ment mat rix for a proportionally da mped 
system . 




= v e loci ty of i -th story . 
x . 
J.. 
= a c ce l eration o f i - t h s t ory. 
. [X'] = uncoupled v e loci ty matrix for a proportionally da mped 
s y stem. 
viii 
[XO] = initial displacement matrix. 
xo. = initial displacemen·t of i-th story. J.. 
[X'O] = uncoupled initial displacement matrix for a proportion-
ally damped system . 
. 
[XO] = initial velocity matrix . 
. 
xo. = initial velocity of i-th story. 
J.. 
. 
[X'O] = uncoupled initial velocity matrix for a proportionally 
damped system. 
[Y] = a matrix containing the coupled velocities and displace-
ments for a nonproportionally damped system. 
[YO] = a matrix containing the initial coupled velocities and 
displacements for a nonproportionally damped system. 
[Y.] = i-th mode shape for a nonproportionally damped system. 
J.. 
[Z] = a matrix containing the uncoupled velocities and dis-
placements for a nonproportionally damped system. 
[ZO] = a matrix containing the initial uncoupled velocities 
and displacements for a nonproportionally damped system. 
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I. INTRODUCTION 
Dynamic consideration in the analysis and des~gn of 
structures has become increasingly important through the 
years. A significant factor to be taken into account when 
considering structural vibrations is that of damping or the 
reduction in amplitude of a body caused by a gradual conver-
· sion of the vibration energy into heat. Of the various types 
of damping, the most commonly used for engineeri~g purposes 
is viscous dampi~g, wherein the damping force is proportional 
to the velocity of the vibratory movement. One problem then 
is to determine this constant of proportionality. The 
standard practice is to use the critical damping condition as 
a measure of the relative amount of dampi~g in a particular 
system. Thus, the damping coefficient in each story is taken 
as some percentage of critical damping, cr, where 
cr = 2/k:m 
If the damping matrix is taken proportional to the mass, 
stiffness, or a linear combination of the two, a transformation 
matrix can be constructed which will uncouple the equations 
of motion. On the other hand, if the dampi~g coefficients are 
taken as some percentage of critical damping, or i.e., if they 
are nonproportional, then this transformation matrix will not 
uncouple the damping matrix. For nonproportional damping a pro-
cedure somewhat similar to that followed for proportional damping 
is used to construct the transformation which uncouples the 
damping matrix. Howevei', in this case the problem is complicated 
by the fact that the circular frequencies would be complex 
variables and thus the transformation matrix would contain com-
plex elements. Therefore, a particular problem would be 
greatly simplified if it could be reduced to one with propor-
tional damping. 
With this in mind, it can be seen that the stiffness 
matrix, if divided by the proper constant, results in a reason-
able approximation of the nonproportional damping matrix. To 
find this constant each nonzero element of the tridiagonal 
stiffness matrix is divided by its corresponding element in 
2 
the nonproportional damping matrix. The constant is then deter-
mined by simply taking the average of those results, from which 
the proportional damping matrix is obtained. Thus, the purpose 
of this paper is to determine whether it is feasible to make 
the damping matrix proportional to the stiffness matrix. 
To accomplish this two computer programs were written, 
one to analyze proportionally damped systems and the other to· 
analyze nonproportionally damped systems. Shear buildings of 
two, three, and'four stories were investigated in which damping 
ra~ged from one to ten percent of critical. The maximum shear 
and shear at one particular time in each story were then com-
pared for both cases. 
to joint rotations. 
For this study no consideration was glven 
II. REVIEW OF LITERATURE 
Using a reduced form of the differential equations of 
motion introduced by Frazer, Duncan, and Collar (5), Foss (4) 
presented a method which uncoupled the equations of motion for 
nonproportionally damped systems. However, the application of 
this method resulted in complex frequencies and mode shapes 
3 
which complicated the problem. Because of this added difficulty, 
further work was carried out to develop various restrictions on 
the form of the damping matrix so that the undamped and damped 
systems could still be uncoupled by the same transformation. 
Caughey (l) stated in one of his earlier papers on classi-
cal normal modes that, nA necessary and sufficient condition 
that a damped dynamic system possess classical normal modes is 
that the damping matrix be diagonalized by the same transforma-
tion 1.vhich uncouples the undamped system." He then went on to 
derive a relationship between transformed forms of the stiffness 
and damping matrices which established a criteria for uncoupling 
the damping matrix~ Later, DaDeppo (3) described a form of the 
damping matrix more. general than the proportional case, that 
could be resolved into normal modes of vibration for which the 
equations of motion could be uncoupled. In a following paper, 
Ca~ghey (2) presented additional conditions that must be adhered 
to by the stiffness and damping matrices if a system is to 
possess classical normal modes. 
The above articles contained additional references on this 
subject but because of their limited distribution the author 
was not able t~ obtain them. 
4 
III. GENERA.L THEORY 
The analysis of a vibrating multi-story building is an 
extremely complicated problem. To precisely compute the motion 
of such a system except by actual measurement is beyond reason. 
Therefore, it is desireable to introduce assumptions that will 
reduce the amount of computations, even though there is a 
small sacrifice in accuracy. With this in mind the followi~g 
"shear buildingn assumptions are made: 
l. The total mass of the structure and the external 
forces are concentrated at the floor levels; 
2. The girders of the structure are infinitely r~gid 
as compared to the columns; and 
3. All columns are inextensible. 
These assumptions lead to the followi~g simplifications: 
l. From assumption l the problem is reduced from 
one of a structure with an infinite number of 
d~grees of freedom to a structure which has as 
many d~grees of freedom as it has lumped masses 
at the story levels. 
2. From assumption 2 it follows that the joints are 
fixed ~gainst rotation. 
3. From assumption 3 the deformations are fixed 
such that the rigid girders will remain horizontal. 
LJ.. From assumptions 2 and 3 it follows that the 
columns retain vertical slopes at their ends 
and will thus act as fixed-end beams which are 
subject to settlement of the supports in a direc-


































floors are assumed to move parallel to each 
other with the relative deflection in any story 
being dependent only on the shear in that story. 
In the analysis of an n-story tall structure, as in Fig. 
la, it is convenient to assume that the motion of any one 
6 
story is resisted only by the spring forces brought into play 
by the relative displacements from the two neighboring stories. 
This implies that the sets of columns between floors act like 
simple springs connecting the masses of the floors, as in Fig. 
lb. 
The spr1ng constant, k., lS the shear force necessary to 
l 
produce a unit relative horizontal displacement between the 
ends of all the columns of the i-th story. To obtain the 
expression fork., the slope-deflection equation is written 
l 





TYPICAL FIXED-END COLUMN 
Since rotation of the ends of the column lS not permitted, 
as explained previously, we have: 
7 
Due to symmetry 
MA = MB = M 
-and 
VA = VB = v 
The summation of moments at point A yields 
V = 2M = L 
For a unit displacement or ~ = l, we have 




in which E is the modulus of elasticity, in pounds per square 
inch; Ii denotes the sum of the moments of inertia of all 
columns of the i-th story, in inches to the fourth; and L. 
~ 
refers to the le~gth of the columns of the i-th story, in inches., 
For the sp~cial case where the first story columns are 
pinned at the foundations we use a modified slope-deflection 







The summation of moments at A now yields, 
v M 3EI!l = L = L3 
For ll = l, we have 
3EI. 
v. k. ~ = = ~ ~ L. 3 
~ 
2) 
If some of the columns ~n the first story are fixed and 
some pinned, k. is obtained by multiplying E/L. 3 by the sum of 
~ ~ 
the products of the moment of inertia of each column and the 
constant 12 or 3 depending on whether the column is fixed or 
pinned. 
To develop the equations of motion for the spring-mass 
system in Fig. lb, we refer to the free body diagram of the 
i-th mass in Fig. 4. 





FREE BODY OF THE i-TH MASS IN FIG. lb 
Using D'Alembert's principle, which can be written as: 
E(forces in x-direction) - mx = 0 
in which the quantity -m;; is the product of the mass of the 




1 .J.. = 0 3a) 
or 
3b) 
For free vibration, the forcing function fi' in pounds, 
equals zero and Eq. 3b takes the form 
m.x. - k.x. 1 + (k. + k. 1 )x. - k.+1 x.+l = 0 
.J.. .J.. 1 .J..- 1 1+ 1 .J.. - .J.. 
Assumi~g a solution of the form 
4) 
x. = X. cos (pt - p) 5) 
1 J... 
where X. 1s the displacement amplitude of the i-th mass 1n 
.J.. 
inches, p is the circular frequency in radians per second and 
p is the phase a~gle in radians, and substituting into Eq. 4 
we obtain 
-m.p 2X.cos(pt- p) - k.X. 1 cos(pt- p) l.. l.. l.. l-
Since cos(pt - p) cannot equal zero or the solution would be 
trivial, we have 
or 
Thus, for the n-story building in Fig. la we obtain the 
following set of n simultaneous homogenous equations 
2 
= p mlxl 
2 
= p m2X2 
2 
= p m X 
n n 
The set of Eqs. 8 may be expressed in the matrix form 
2 [K][X.] = p. LM][X.] 
l.. . l.. J.. 
-l If we premultiply each side of Eq. 9a by EMJ and simplify, 
we obtain 
-l 2 [M K- p. ][X.] = 0 
l.. l.. 









(kl + k2) -k2 
-k2 (k2 + k3) -k3 








Displacement amplitude matrix [Xi] = 
X . 
ill 
In Eq. 9b, the quantity p may take on as many values as 
there are equations in the iyst~m and for every value of pi 
there is a corresponding 
an eigenvalue problem in 
vector [X.]. This problem is called 
l 
which the quantities p. 2 are called 
l 
eigenvalues and the relationship among the amplitudes, or 
elements of [X.], are called eigenfunctions. 
l 
The vector [X.] 
l 
corresponding to a particular natural mode of vibration is 
called an eigenvector or mode shape. The significance of a 
natural mode is e xplaine d in the f ollowing: "If the initial 
conditions are properly imposed it is possible to cause vibra-
tion in any one of several natural modes which are characteristic 
12 
of the structure. In a natural mode each point in the structure 
executes harmonic motion about a position of static equilibrium, 
every point passing through its equilibrium position at the same 
instant and reaching its extremum at the same instant. Obviously, 
then, the frequency of the oscillation is the same at every 
point and this is the natural frequency of the structure in the 
particular mode involved. If we consider the structure at an 
instant when all the points ln it reach an extremum and, hence, 
are momentarily stationary, we visualize the structure in a 
particular deformation conf~guration that is a peculiar property 
of a natural mode. It is convenient, then, to think of a 
natural mode as a deflected configuration in which the motion 
of each point is harmonic and in which the vibration has a 
specific natural frequency associated with that mode."(7) It 
can be shown that for our ideal structure, the number of natural 
modes is equal to its number of d:=grees of freedom or to the 
number of stories. 
To solve the set of Eqs. 9b we note from Cramer's rule 
that there can only be nontrivial values for [X.] if the deter-
l 
minate of the coefficients of [X.] vanish or l.e., 
l. 
ll) 
Upon expanding the determinate and solving the resulti~g n-th 
. . 
2 b . h 1 f order equat1.on ln p. , we o taln ten va ues o p .. 
l l 
When the 
n p.'s are inserted into Eq. 9b, there results n sets of [X.], 
l. l. 
each containing n values. Because the determinate of the 
cpefficient matrix is equal to zero, Eq. 11, the rank of the 
coefficient matrix is less than n. Therefore, there are an 
infinite number of 
among the elements 
solutions to [X.] and we obtain only ratios 
.1. . 
of [X.] by assigning an a~bitrary value to 
.1. 
13 
one of them. nThe physical inter'pre ·tation of this mathe:rpatical 
result is that the deflected configuration of a structure which 
describes a natural mode is defined by known ratios among the 
' 
amplitudes of motion at the various points. The actual ampli-
tude of motion of the system as a whole is arbitrary and not a 
property of a natural mode."(7) 
A. Derivation of the Equations of Motion with Damping Considered 
Eq. 9a was derived by considering the vibrations to persist 
once being initiated without the application of external forces. 
In reality such a vibration without decrease ln amplitude is 
never realized. The presence of damping forces causes the dis-
sipation of energy that progressively reduces the amplitude of 
vibration and ultimately stops the motion when all energy initially 
stored in the system has been dissipated. 
To facilitate mathematical manipulations it is customary to 
assume that damping is viscous, l.e., that the damping forces are 
proportional to the rate of cha~ge of displacements or 
D(t) = . ex 
Where D(t) lS some function of time, c lS a damping constant, in 
pound seconds per inch, and X. is the velocity of the mov1ng mass, 
in . inches per second. This expression is considered to be very 
good for representi~g the resistance to motion of air surrounding 
a body which moves at a low speed, or the internal frictional 
resistance of most solid ~aterials.(7) 
14 
One question which may arlse lS whether damping depends on 
absolute or relative velocities. In ·this paper, damping forces 
depend on the relative velocities between masses except in the 
case when there is no. ground motion. Then the damping coeffi-
cient in the first sto~y is a function of the absolute velocity 




It is customary to represent viscous damping by a dashpot 
as shown in Fig. 5. In much the same way as the spring constant 
ki characterizes the elastic spring, the damping coefficient ci 
characterizes the dashpot. Thus, the spri~g-mass-dashpot syste~ 







X. l) l~ 
x. l) l-
















Again we draw, in Fig. 7, the free body di?-gram for the 
i-·th mass in F~g. 6. Usi!lg D 'Alembert' s principle we obtain 
the followi!lg damped equation of motion 
or 
c. <:X. 
l l x. l) J..-
+ (k. + k.+l )x. l l - l 
m.x. = 0 ]_ l 
Written 1.n matrix notation, Eq. 12b takes the form 
EMJ[XJ + [C][X] + [K][X] = [F] 
ln which [K] and LMJ are defined in Eq. 10 and the matricies 
[X], [C] and [F] are defined as follows 
Displacement matrix [X] = 
Damping matrix [C] = 
x2 









Forcing matrix [F] = 
f 
n 
It is customary to define the damping of a system as a 
16 
percentage of the coefficient of critical damping (cr) ln which 
16) cr. = 2 /k.m. 
l l l.. 
A great amount of work has· been devoted to the determination of 
the percentages for a _ given material and a given type of struct-
ure. Numerous sources list numerical values of the percent of 
critical damping for these cases. (8,9) 
B. Solution of the Differential Equations of Motion for a 
Proportionally Damped System 
urn formulating equations of motion, it is natural to use 
coordinates in which the motion of the structure can be inter-
preted most readily. However, the most logical choice of 
coordinates for physical interpretation is not always the best 
choice for solution of the equations. Therefore, it is useful 
to consider coordinate transformat .ion in dynamic systems." ( 7) 
In our case we shall investigate the possibility of trans-
forming the matrix [X] into a matrix [X'], such that the 
coefficient mat:::c..,ices, L:MJ, [K], and [C], of Eq. 13, will become 
a diagonal matrix. To do this we must consider Eq. 9a. 
First, let us consider any two mode shapes for the problem, 
d~noted by [X.) and [X.] and their corresponding circular fre-
l J . 
q_uencles asp. and p .. Using Eq. 9a we may write 











= p. CMJ[X.] 
J J 
18) 
Now postmultiply the transpose of Eq. 17 by [X.] and premulti-
J 
ply Eq. 18 by [X.]T to give 
l 
T [KX.] [X.]= 
J.. J 
T [X.] [ KX.] = 
J.. J 
2 T p . [ MX . ] [ X • ] 
l l J 19) 
2 T p . [ X . ] [ MX . ] 
J l J 
20) 
Since the matrix ~MJ is diagonal, ~M] = rM~T. Also, from the 
reversal law for transposed matrix products, . [KX.]T = [X.]T[K]T 
J.. l ' 
and from the reciprocity theorem of Maxwell, [K] = [K]T. In 
this case, the left-hand sides of Eqs. 19 and 20 are equal and 
thus the right-hand sides must be equal. From this 
2 (p. 
J 
2 T p. ) [X.] LMJ[X.] = 0 
J.. J.. J 21) 
If p. and p. are not equal, it must follow that 
l J 
22) 
By definition two matricies are said to be orthogonal if 
. 
the product of one and the transpose of the other is equal to 
zero. Therefore, we say that the mod~ shapes [X.] and [X.] 
. . J.. J 
are orthogonal with respect to the weighing matrix rMJ. 
If [X.] = [X.] or if the mode shapes are the same, then 
J.. J 
pi= Pj· Thus, Eq. 21 J..S satisfied regardless of the value 
of p. This being the case, it must follow that [X.JTEMJ[X.] 
. . J.. l 
~ 0 
necessarily. Defining the length vector, L', as /cxJT[X], we 
have in our case the length in terms of the weighting matrix 
CMJ as 
L' . 2 = [X.]TCMJ[X.] 
1 1 1 
Dividing the left and r~ght sides by L'. 2 , we have 
1 
l = 
T [X.] [X.] 
1 LMJ l.. 
L' . L' . 
l.. l.. 
or 











l..S called a normalized or unit 
vector. 
Now we define a new matrix [Q] as 
[Q] = 
noting that the elements of any column are the components of 
one of the unit mode shapes. 
·-
Similarly we define a matrix [X .. ] such that ]1 
xll 






n2 X nn 
where each column contains ~he components of a mode shape. 






Dividing Eq. 28 by L'. we have 
l 


















Now if we premultiply through by [Q]T and recognlze that 
33) 
since from Eqs. 22 and 25 
[ q. ] T LM J [ q. J = 
l J 
O,i ~ j 
34) 
l,i = ] 
we find that 
Next we consider the dampi~g matrix, [C], ln Eq. 15. If 
it is premultiplied by [Q]T and postmultiplied by [Ql, the 
r esulting matrix is 
20 
36) 
Comparing this triple product with Eqs. 33 and 35 it becomes 
apparent that the matrix ~2HJ will be diagonal only when the 
damping matrix [C] is proportional to the mass matrix EM~, or 
to the stiffness matrix [K], or to a linear combination of the 
two. 
Referring agaln to the basic equations of motion 
. . . 
~MJ[X] + [C][X] + [K][X] = [F] 13) 
and applying the coordinate transformation 
[X] = [Q][X'] 37) 
from which 
cxJ = CQJD{' J 38) 
and 
cxJ = CQJCx' J 39) 
we have 
LMJ[QJ[X'J + [CJ[QJ[X'J + [KJ[QJ[X'J = [FJ 40) 
If Eq. 40 is premultiplied by [Q]T we obtain 
Now uslng Eqs. 33, 35 and 36 we find 
42) 
Hence, transforma tion (37) caused the equations of motion to 
become uncoupled; namely only one unknown, x' . , x' . and x' . , l l.. l.. 
appears.ln any one of Eqs. 42. 
For a general forcing function, f., of the form 
. 1 
f. =fl. + f2.(t) + f3.sin w.t + fS.cos w.t 43) 
1 1 1 1 1 1 J.. 
with 1 = 1, 2, ... , n, the i-th uncoupled equation J..S 
x'. + 2h.x'. + p. 2x•. = CSTF. + TDF.(t) +SIN. +COS. 44) 
J.. 1 1 J.. 1 J.. J.. 1 1 
1n which 
h. = h .. 
1 ll 
CSTF. = q 1 .fl1 + q 2 .fl2 + ..• + q .fl 1 1 1 n1 n 
TDF. = q 1 .f2 1 + q 2 .f2 2 + ... + q .f2 1 1 · 1 n1 n 
+ q .f3 sin w t 
n1 n n 
+ q .f5 cos w t 
n1. n n 
Eq. 44 is a nonhomogeneous equation and as such has a 
general solution consisting of the homogeneous solution 
(right-hand s~de of the differential equation equal to zero) 
plus the particula~ solution. Thus 
x'. = x' . + x' . 
l hl pl 
The particular solut~on to Eq. 44 ~s 
4-5) 




A' - = ]_ 
2h.TDF. 
(CSTF. - 1 1 ) 
J_ 2 
TDF. 
2 P· ]_ 
pi 






c' .. ]1 
q .. (f5.w.2h. + f3.(p. - w. )) 
= ]1 J J 1 J J_ J 
and 
Dr . • = 
]1 
with J = 
(( 2 _ w.2)2 + ( )2 p. w. 2h. ) 
1 J J 1 
q .. f 5 . - c ' .. w. 2h . 
]1 J ]1 J 1 
2 2 (p. w. ) ]_ J 
1, 2, •.. , n 
For the homogeneous equation 
we invest~gate solutions of the form 
x'. = AeNt 
]_ 
Substituti~g Eq. 47 into Eq. 46 and simplifying, we obtain 
N2 + 2h.N + p. 2 = 0 ]_ ]_ 
,. 
The two solutions of this auxillary equation may be found, 
thro~gh the use of the quadratic formula, to be 





The final solution~ x'., will depend 
.1. 
on whether h. 2 J..S greater ]_ 
2 than, equal to, or less than p .• 
l 
To determine the constants of integration the uncoupled 
initial displacements, x'o., and initial velocities, 
.1. 
. ' X 0., ]_ 
will be used. These initial conditions can be found by multi-
plying Eq. 37 and Eq. 38 by [Q]-l which results in 
[X'O] = [Q]-l[XO] 
and 
If Eq. 33 lS postmultiplied by [Q]-l, a simple expression for 
[Q]-l is found to be 
[Q] -1 [ T"" , = QJ LM~ 
Thus, for h. 2 > p. 2 the solution .1.s J.. J.. 
-h. t /h. 2 - p. 2 t 
' 
J.. (A.e J.. .1. x . = e + B.e J.. ]_ J.. 
.1.n which 
B. = ((x'o. -A'. - D' . - D' 2 l. -]_ J.. ]_ ll 
and 
A. = x'o. ]_ ]_ 




+ • • • + 
= p. 2 the solution is 
J.. 
· x ' • = e J.. (A. + B . t ) + x ' • 





A. = x'o. AT • - D'li - D' 2i - - D' . . . l J.. l ill 
and 
B. = x'o. + A.h. B' . C'liwl - C'2iw2 -l J.. l J.. J.. 
For h. 2 < p. 2 the solution lS 
l J.. 
X t • 
l 
-h.t I 2 
= e 1 (A.sin p. 
l J.. 
+ X t • pl 
ln which 
B. = x'o . 
J.. l 
.and 
h. 2 t + B. cos/ p. 2 
l l l 
A. = 
l 
(x'o. + B.h. - B'. - c• 1 l.w1 J.. l J.. J.. 
. . . - C' .w 
nl 
h. 2 t) 
l 
n 
- C' .w ) 
nJ.. n 
From the above equations the n uncoupled displacements 
can be calculated at any time, t. Then usi~g Eq. 37 the 
actual displacements can be determined. 
C. Equations of Motion for Nonproportional Damping 
50) 
On page 20 it was shown that the transformation matrix 
[Q] would uncouple the equations of motion only if the dampi~g 
matrix [C] is proportional either to the mass matrix ~MJ, to 
the stiffness matrix [K] or to a linear combination of the two. 
I~, on the other hand, the more realistic case is used where 
the damping coefficients are taken as some percent~ge of 
25 
critical damping, as ln Eq. 16, the transformation matrix [Q] 
will no longer uncouple the equations of motion as the damping 
matrix would now be nonproportional. It is possible, however, 
to extend the methods discussed previously and to construct a 
transformation which will uncouple the equations of motion 
even though the damping is nonproportional. The method 
requlres at the outset the solution of the homogen~ous equa-
tions to give the free-vibration response of the system. 
From this solution one may construct the uncoupling transfor-
mation and proceed to the solution of the nonhomogeneous 
equations for the forced response. However, it can be shown 
that·the unit mode shapes, which will again make up this 
transformation matrix, will be complex, with its components 
differing in phase as well as in amplitude. It follows that 
t-vm bits of infor•mation are required to determine each campo-
nent or 2n equations are required to determine all components 
of an n-degree-of-freedom system in each mode. Therefore, to 
the n equa·tions of motion (13), must be added another n 
equations_ givi~g a system of 2n equations to be solved in the 
case of nonproportional dampi?g· It has been found (4) that 
the additional n equations can be supplied by making the substi-
tution 
. . 
rMJ [X] I:MJ[X] = 0 51) 
Eqs. 13 and 51 are combined to glve the followi?g matrix equa-




J [ .. J I:MJ [X] [CJ [XJ + [-r M J [ o Jl [[ x J.J [0] [K]J [X] 52) 
or 
1n which 
[A][Y] + [B][Y] = [Y] 
~. OJ CMJ [A] = 
rMJ [C] 
eMJ [OJ [B] = 
[0] [K] 
hxJ [Y] = [X] 





The great advantage of this formulation lies 1n the fact 
that the matricies [A] and [B], both of order 2n, are real and 
symme tric. The refore, to solve Eq. 53 techniques very similar 
to those used previously may be employed. 
We will now consider the homogeneous equation obtained by 
setting the r~ght side of Eq. 53 equal to zero. 
[A][Y] + [B][Y] = 0 55) 
As suming solutions of t he form 
56) 
we have 




[X] = p[X] 
. 
[X] = p[X] 
Eq. 55 is then written in terms of the unknown number p and 
unknown vector [Y] as follows 
p[A][Y] = -[B][Y] 58) 
If Eq. 58 is premultiplied by [B]-l and simplified, it may be 




[D - A] [Y] = 0 
= -r--I:MJ-l [0] 
[0] [K] 
l [0] 
- -[K]-l rM;J 
A = l/p 
59) 
_J [[ o J LMJJ J LM~ [C) 
rr~ J 
-[K]-l [C] 
Again, as in Eq. 9b, we have an eigenvalue problem. Thus, for 
a nontrivial solution, the determinate of the coefficient matrix 
must vanish or 
ID - AI = 0 60). 
This leads to a set of 2n roots or eigenvalues _ Al' A2 , ... , A2n. 
For a critically damped or overdamped mode these roots will be 
real and negative and for an underdamped mode they will be com-
. 
plex with a negative real part. If there are complex eigenvalues 
they will occur in conjugate pa1rs~ Thus, if t }') e r-th and 
s-th eigenvalues are complex conjuga·tes, they may be written 
as 
= 1-1 + iv r r 
A = A = 11 - lV s r ~r r 
28 
61) 
where 1-lr and vr are the real and im~ginary parts, respectively, 




::: (~ - iv )(1-1 + iv ) 
r r r r 
the complex value p , corresponding to the complex eigenvalue 
r 








_2 _____ 2 






Correspondi~g to each e~genvalue Ar there exists an e1gen-
vector [Y ] having 2n components. r . There are 2n of these 
eigenvectors, r = 1, 2, . . . ' 2n. For a pair of complex conju-
gate eigenvalues as given by Eq. 61, the corresponding eigenvectors 
are complex conjugates, thus 




Therefore, if all e~genvalues of a system are complex, in 
which case they occur in conjugate palrs, all eigenvectors will 
be complex and will also occur in conjugate pairs. 
D. Solution of the Differential Equatio~ of Motion for a 
System with Nonproportional Damping 
"The eigenvectors of a nonproportionally damped system are 
orthogonal just as are those for an undamped or proportionally 
damped system, the proof of which proceedsin the same manner. 
Consider the r-th and s-th eigenvectors [Y ] and [Y ], both of 
· r s 
which satisfy Eq. 58. First we write that equation for the 
r-th mode and premultiply both sides by the transposed vector 
[Y JT thus 
s ' 
p [Y ]T[A][Y ] 
r s r 
= -[Y ]T[B][Y ] 
s r 
Again, using the reversal law for transposed matrix products 
and recalling that [A] and [B] are symmetrical matrices, we 
transpose both sides as 
p [Y ]T[A][Y ] 
r r 8 
= -[Y ]T[B][Y ] 
r 8 
63) 
Next, write Eq. 58 for the s-th mode and prernultiply by [Y ]T. 
r 
p [Y ]T[A][Y ] 
s r s 
= -[Y ]T[B][Y ] 
r s 
64) 
If Eq. 64 lS subtracted from 63 the result . is 
65) 
If the eigenvalues pr and ps are different, the following 
30 
orthogonality property relates the two eigenvectors 
[Y ]T[A][Y ] = 0 
r s 
66) 
From either Eq. 63 or 64 it follows that these vectors are also 
orthogonal with respect to the matrix [B]. 
[Y ]T[B][Y ] = 0 
r s 
67) 
For underdamped modes in which the eigenvalues are complex, the 
above orthogonality criteria relate two modes having different 
frequencies of vibration. Furthermore, it is emphasized that 
the relationship applies also to two conjugate complex eigen-
vectors which are associated with a single mode, for the only 
Pequirment that Eqs. 66 and 67 hold is that the two complex 
eigenvalues associated with that mode be different. The fact 
that they are different is seen as follows. If 
Pr = a. + if3 r r 
and 
Ps = a. - i f3 r r 
then 
p - p = Ca. + iS ) - Ca - iS ) = 2iS ~ o 
r s r r r r r 
For underdamped systems it lS useful to derive the ortho-
gonality relationships in t erms of the real and imaginary parts 
of the eigenvectors. We let 
[Yr] = [~r] + i[nr] 
[Ys] = [~r] + i[ns] 
68) 
31 
Eq. 66 may be written as 
([~ ]T + i[n ]T)[A]([~ ] + i[n ]) = 0 
r r s s 
69) 
By expanding the products and noting that the real and imagin-
ary parts must vanish separately, the two following equations 
are obtained. 
[~r]T[A][~s] 
[ ~r]T [A] [ns J + 
[nrJT[AJ[nsJ = o 
[nr]T[A][~s] = 0 70) 
Next we consider an eigenvector [Ys] that is orth?gonal not 
only to [Y ] which results in Eq. 70, but also to the conjugate 
r 
eigenvector [Y ]. Thus, 
r 
This separates into the two equations 
[~ ]T[A][~ ] + 
r s 
[~ ]T[A][n ] 
r s 
[nrJT[AJ[nsJ = o 
[nr]T[A][~s] = 0 71) 
Considering the first equation of (70) together with the first 
one of (71) leads us to the following results. 
[~r]T[A][~s] = 0 
T [nr] [AJ[nsJ = 0 
The second equations of (70) and (71) yield 
[~r]T[AJ[ns] = 0 
[nrJT[AJ[~s] = o 
72) 
73) 
One additional relationship is useful. It is derived from 
Eq. 70 considering [Ys] as the conjugate of [Yr]' l.e., 
and 
[n J = -[n J 
s r 
In this case the first equation of (70) yields the following 
result. 
[~ ]T[A][~ ] = -[n ][A][n ] 
r r r r 
74) 
Eqs. 72, 73, and 74 express orthogonality of the eigenvectors 
in terms of their real and imaginary parts. These relation-
ships are developed with matrix [A] as the weighting matrix 
32 
starting with Eq. 66. It is easy to see that if we start with 
Eq. 67 we can show that the same relationships hold with matrix 
[B] as the we;ighting matrix. 11 (7) 
Referring again to Eq. 65, it 1s evident that this equa-
tion is satisfied whenever p = p . Thus, [Y ]T[A][Y ] ~ 0 
r s r · r 
necessarily. (This is similar to the procedure followed on 
page 17·) We can now define the length vector in terms of the 
weighting matrix [A] as 
2 Dividing both sides by L'r , we have 
l = 
[Y ]T [Y ] 







ln which [qr] lS the r-th normalized eigenvector. Therefore, 
using the above relation and Eq. 66 it follows that 
O,r # s 
l,r = s 
and from this relation and Eq. 63 or 64 
O,r # s 




In a manner similar to that described previously for an 
undamped or proportionally damped system, the eigenvectors 
which define the modes of free vibration of the system may be 
used to construct a transformation of coordinates in which the 
equations of motion are uncoupled. (4) For a nonproportionally 
damped system that transformation is given by 
[Y] = [Q][Z] 78) 
The transformation matrix [Q] is constructed column-by-column 
uslng the 2n normalized eigenvectors; [q1 J, [q1 J, ... , [q J, r 
[qr]' ..• , [q ], [q ]. 
n n 
Thus, the matrix is of order 2n. 
Where complex eigenvectors exist, both the eigenvector [q] 
and its conjugate [q] are used. 
[Q] = [[ql][ql] ... [q ][q ] ... [q ][q ]] 
r r n n 
ql 1 , ql 2 
' 
ql,r ql, 2n 
q2 l ) q2 2 
' 
q2,r q2 2n ) 
= 79) q. 1 q.· 2 qj ,r qj,2n J ) J ' 
q2n,l q2n 2 q2n,r q , 2n,2n 
When this transformation is applied to the nonhomogeneous 
equation 53, the following result is obtained: 
80) 




Therefore, Eq. 80 can be written as 
83) 
~~en expanded Eq. 83 results ln 2n uncoupled equations of the 
form 
and 
z - p z = [qr]T[Y] 
r r r 
z - p z 
r r :r 
- T 




1n which z represents the complex conjugate of z • It can be 
r :r 
verified (10) that the solutions of Eqs. 84 and 85 will also 
b~ ~o~ple~ conj~gates or 
34 
z = a. + ib 
r 
;b z = a. ....... 
r 
Assuming we have solved for the uncoupled responses, we 
may proceed through the coordinate transformation to find the 
response to the generalized time-dependent forces [F(t)] in 
·terms of the generalized displacements, x , and velocities, 
r 
• 
xr. The transformation Eq. 78 may, for this purpose, be 
written in the convenient form 
yj(t) = qj,lzl + qj,2zl + qj,3z2 + qj,4z2 
+ qj,2n-lzn + qj,2nzn_ 
+ ••• 
where j=l, 2, ... , 2n. Focusing our attention on the first 
two products in Eq. 86 and recalling that q. 1 and q. 2 are J' J' 
complex conjugates as are z1 and z1 , it is evident that the 
real parts of the two products will be identical and the 
86) 
imaginary parts will cancel when the two terms are summed. A 
similar statement can be made for the remaining terms. From 
this it can be seen that y.(t) is real and may be written as 
J 
twice the real part of the complex number on the r~ght side 
of Eq. 86. Thus, we may write 
where R stands for "the real part of." Next, using the trans-
formation connected with Eq. 53 relati~g [Y] and [X], which 
is rewritten for convenience 




we see the first n values of y.(t) are the generalized velo-
J 
cities and the second n values are the generalized displacements. 
We now turn our attention to the solution of the r-th 
uncoupled equation. For a general forci~g function, fs' of 
the form 
= fls + f2 (t) + f3 sin w t + f5 cos w t 
s s s s s 
with s = 1, 2, ... ' n, the r-th uncoupled equation is 
+ qn+ 2 ,rCfl 2 + f2 2t + f3 2sin w2 t + f5 2cos w2t) 
+ q 2 (fl + f2 t + f3 sin w t + fS cos w t) n,r n n n n n n 
+ •.• 




= (e r - l)c fl + fl + + q2 fl ) Pr qn+l,r 1 qn+2,r 2 ··· n,r n 
p t (e r 




r ------2~---(qn+l ,rf21 + q +2 f22 + ... + q2 f2) n ,r n ,r n 
Pr 
q +1 f31 Pr t 
+ n ,r (e wl - Pr Sln w1 t - w1 cos w1 t) 2 2 (pr + wl ) 
q +2 f32 prtw 
- Pr sln w2t - w2cos w2t) + . . . + n ,r (e 2 2 2 (pr + w2 ) 
91) 
q2n r f3 Pr t n (e w t t) + ' w - Pr s1n - w cos w 
Cpr 2 + w 2) n n n n n 
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+ 
q2n rf5n prt P t 
+ ' (e p - p cos w t + w sin w t) + z (O)e r ( 2 + w 2) r r n n n r 
Pr n 
The value z (0) can be found by us1ng the initial displace-
r 
ments, xo, and initial velocities, xo. 
by [Q]-l we have 
or 
If Eq. 78 is multiplied 
cza J ~ c Q rlcya J ~ cqrl jcxa Jl ~xoJJ 
A simple method for finding [Q]-l ·can be derived by postmul ti-
plying Eq. 81 by [QJ-1 , which results 1n 
Using the initial conditions and the desired forcing functions~ 
Eq. 91 can be solved and the uncoupled displacement can then be 
determined. 
IV. DISCUSSION 
For this investigation, shear buildings of two, three 
and four stories (illustrated in Fig. 8 with the assumed 
masses, stiffnesses and forcing functions) were studied in 
which proportional and nonproportional damping were compared. 
In the nonproportional case the damping coefficients 1.vere 
taken as various percentages of critical damping. For 
proportional damping, the dampi~g coefficients were assumed 
to be proportional to the stiffnesses such that they reason-
ably approximated the nonproportional coefficients. To 
determine whether nonproportionally damped systems could be 
reasonably approximated by propor•tionally damped systems, 
the damping coefficients were varied from one to ten percent 
of critical and the shears at one particular time and maximum 
38 
shears were then compared. To assure that the time increments 
were small enough to obtain the maximum shear, increments of 
0.1, 0.05 and 0.01 seconds were initially tried. The result-
ing shears were then plotted and it was found that the 0.05 second 
increment was sufficient to yield the maximum shears, for all 
practical purposes, for the particular forcing functions used 
ln this study. 
Figs. 9, 10 and ll are_ graphs of the shears in the varlous 
stories of the structures investigateq. These shears were cal-
culated 1.25 seconds after the ·application of the forcing 
functions, which, in this case, happens to be the time at which 
the forcing functions ceased. The circled points on these graphs 
. . 
represent shears for the nonproportionally damped system, the 
39 
points enclosed by tr•iangles represent the proportionally damped 
system and the number near each set of lines denotes the story. 
The maximum shears in each story of the structures in 
Fig. 8 are shown in Figs. 12, 13 and 14. The dashed lines in 
these figures designate the shears for the undamped system. 
The two left most lines represent the maximum shears in nonpro-
portional and proportional systems, respectively, with ten 
percent critical damping. The next line corresponds to one 
percent critical damping in both proportionally and nonpropor-
tionally damped systems since the shears in these systems are 
almost identical for such small degrees of damping. Although 
they are not shown, the maximum shears for the remaining per-
centages of critical damping are almost equally distributed 
between these lines. Thus, these three lines represent the 
ranges over which the maximum shear varies for damping fT•om one 
to ten percent of critical ln proportional and nonproportional 
systems. In all instances the proportional values were slightly 
greater than the nonproportional values. 
The data presented in these graphs was found by uslng two 
computer programs. These programs, one of which was written 
for proportionally damped systems and the other for nonpropor-
tionally damped systems, can be found in Appendixes A and B, 
respectively. Also included ln each of these Appendixes are 
an explanation of the program and two example problems. These 
problems involve the two story shear building shown in Fig. 8. 
In the first, the structure is assumed to be undamped and in 
the second one percent critical damping is assumed. In these 
40 
examples the calculations of the shears were carried ou-t for 2.5 
seconds. It was discovered that for this study this was a suf-
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From the graphs of the shears at 1.25 seconds, a few 
observations can be made. In . general, proportional damping 
yields conservative results compared to nonproportional damping, 
with the shears being more nearly equal for lower percentages of 
critical damping. For the most part, the shears determined from 
proportional damping become less conservative as the building 
height is increased. In fact the only case in which propor-
tional damping is unconservative, about 0.5 percent, occurs in 
the first story of the four story building. This may be an 
indication that proportionally damped systems may not be very 
good approximations to the shears in certain stories of a 
building whose height exceeds, for example, four stories. How-
ever, this does not necessarily mean that the maximum shears in 
that story cannot be reasonably approximated by the proportional 
condition. 
From the graphs of the maxlmum shears, it is evident that 
the ranges of these shears diminish in the upper stories and in 
the taller buildings for both proportional and nonproportional 
damping. This shows that damping in general has a lesser effect 
on the maximum shear ln these cases. In the discussion a state-
ment is made concerning the proportional values of maximum shear 
being slightly greater than the nonproportional values. From 
the standpoint of using the maximum shear for design it would 
seem to follow that proportional damping is a good approxlma-
tion of nonproportional damping, especially ln the upper stories 
and in taller structures. Another interesting point is that the 
46 
maximum shear in the first stories increases as building height 
increases but the maximum shear in the top stories is approxi-
mately 45 kips in all three buildings. No reason can be g1ven 
to explain this except that it is just a peculiarity due to the 
particular forcing function used. 
Based on the structures co~sidered it can be said that pro-
portional damping results 1n conservative approximations to the 
shear at 1.25 seconds but gives good approximations to the 
maximum shears. However, there is no reason to believe that 
this would be true in general. Before this could be said, 
further investigations would have to be made in which more 
extensive considerations are g1ven to the various structural 
properties and forcing functions. 
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APPENDIX A 
DESCRIPTION OF PROGRAM FOR PROPORTIONALLY DAMPED SYSTEM 
The following ls a discussion of the coding of data for and 
limitations of the computer program. 
The first card is a title card which will be printed with 
the output for the convenience of the user. On the second 
card, in the first field of five right justified, is specified 
the number of degrees of freedom in the problem, n. The next 
fields of ten and five, respectively, contain the length and 
increments of time over which the displacements are to be com-
puted. The following seven fields of five contain control 
values, Zl through Z7, for the matrfces [XO], [XO], [C], [Fl], 
[F2], [F3] and [FS], respectively. If all the elements in one 
of these matrices are zero, then some number other than zero is 
placed in its respective field and the elements of that matrix 
need not be read as they will be set equal to zero. If the 
elements are not zero the field should be left blank and the 
values will be read from the appropriate cards. The next field 
of ten contains the value T which will be discussed later. The 
next four sets of cards contain the di~gonal elements of the 
mass matrix, the elements of the stiffness matrix and, finally, 
the stiffness and lengths of each story. The remaining sets of 
cards define [XO], [:XO], [C], [Fl], [F2], [F3], [W] and [FS] if 
the control values have stipulated that the y be read. 
We now refer to the value T. 
fol:"lcing function of the form 
This is the duration of the 
f = fl - f2 (t) 
which is shown ln Fig. 15 
fl 
Fig. 15 





When the time t is exactly equal to T, the forci~g functions 
fl and f2 are set equal to zero and the uncoupled velocities, 
so 
x'o, are computed. The values x'o(T) and x'o(T) are then used 
as initial conditions with the new forci~g functions and what 
'is essentially a new problem is continued. 
A few points should be noted in connection with this type 
of forcing function. Since the time t must be exactly equal 
to 1:, the time increment dt should be such that some int~ger 
multiple of dt is equal to T. Second, the program was written 
on the assumption that., although the forci~g functions may not 
be equal, they have the same duration T. Finally, if the fore-
ing function is not of this form the field reserved for 1: should 
be left blank. 
One other limitation in the program concerns the cosinusoi-
dal forcing function. Unlike the. sinusoidal forcing function·, 
the cosinusoidal forcing function must be used in combination 
51 
with the sinusoidal forcing function and must have the same 
frequency. 
Line by line explanation of computer program: 
l to 2: DIMENSION and REAL statements. 
3: READ information card and transfer control to stop 
statement if there is no more data. 
4: 
5 to 8: 
9: 
lO to 12: 
13 to 50: 
51 to 70: 
71 to 7'+: 
READ n, time span (TIME), time increment (DT), con-
trol values (Zl through Z7) and T (TAU). 
Initialize (MJ and ~MlJ to zero. 
READ diagonal elements of rMJ. 
READ [K], stiffness, [Kl], and length, [L], of each 
story. 
READ [XO], [*0], [C], [Fl], [F2], [F3], [F'+] and 
[F5] if the control values have designated that 
they be read and if not set them equal to zero. 
WRITE important input information. Note, in line 
55 the di?gonal elements of [MlJ are set equal to 
the diagonal elements of (MJ. Thus, these two 
matrices are identical. This is done because (MJ 
is destroyed 1n one of the subroutines used, but 
1s needed later in the program. 
Subroutine ARRAY changes the indicated matrices 
fr.om double subscript storage to single subscript 
or vector stor?ge, or v1ce versa, depending on 
whether the first value in the argument list is 2 
or l, respectively. This is necessary as all the 
subroutines in the Scientific Subroutine Package, 
supplied by IBM, use this type of storage. Note 
75: 
76 to 77: 
78 to 79: 
80 to 87: 




96 to 97: 
98: 
99: 
100 to 101: 
102 to 103: 
104: 
105 to 114: 
52 
in line 73 that [K] lS changed and the result is. 
called [Q]. 
This subroutine calculates the eigenvalues, [PSQ], 
2 
or i.e., the diagonal elements of CP J, and eigen-
vectors or mode shapes, [EIVECT], of the matrix 
product LMJ- 1 [K] with [Q] = [K]. This is the sub-
routine in which CMlJ is destroyed. It is important 
to note that [Q], or [K], is destroyed and lS 
replaced by the eigenvectors, normalized with 
respect to the we~ghting matrix rMlJ, which is very 
convenient. 
[EIVECT] and [Q] are converted to double subscript 
storage to simplify their output. 
Circular frequencies, [P], are found from [PSQ]. 
WRITE [P], [EIVECT] and [Q]. 
Check for reasonance. 
WRITE literal. 
[Q] is changed back to si~gle subscript storage. 
[QJT J..S formed. 
C2HJ is formed and is temporarily called rc~. 
The storage mode of rcJ is changed and the result-
i~g vector, [HX2], contains its diagonal elements. 
-l [Q] is formed. 
[X'O] and [X'O] are formed. 
[CSTF] and [TDF] are formed. 
[Q]T is changed to double subscript stor~ge. 
The maximum shears, [VMAX], and moments, [MMAX], 
are initialized to zero and is calculated. 
115 to 117: 














169 to 186: 





The relative time (T), absolute time (Tl), and con-
trol value (CONTRL) are initialized to zero. 
The coefficients of the uncoupled equations are 
calculated. 
[X'] is calculated. 
[X] is calculated. 
The shears, [V], and moments, [MOM], are calculated. 
[VMAX] and [MMAX] are found. 
WRITE Tl, [X], [V] and [MOM]. 
If the problem 1s over write [VMAX] and [MMAX] and 
if not proceed. 
If the forcing function 1s of the form fl - f2t, 
then at T = T, fl and f2 must be set equal to zero. 
Thus, this statement checks for a forcing function 
of this form or for a value for T. 
Check for T = r. 
Set CONTRL to cause transfer of control when line 
189 is reached so new coefficients of the uncoupled 
equations will be calculated. 
Initialize conditions for the new problem. 
Increment the time. 
Transfer control to calculate either the new coeffi-
cients of the uncoupled equations or the uncoupled 
displacements. 
WRITE [VMAX] and [MMAX]. 
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DESCRIPTION OF PROGRAM FOR NONPROPORTIONALLY DAMPED SYSTEMS 
The coding of data for this program is identical to that 
of the previous program except for one point. Here the damping 
matrix must be read after the stiffness matrix whereas in the 
first program the inclusion of the dampi~g matrix in the data 
set was optional. Thus, the control values Z3 through Z6 now 
correspond to the matrices [Fl]> [F2], [F3] and [FS], respectively. 
Also, the limitations of the first pr?gram apply here with 
one addition. Because the method used to c,alculate the e;i_gen-
values cannot solve a matrix of order two or less, one d~gree 
of freedom problems cannot be solved with this pr?gram.(6) 
Before the l?gic of the pr?gram can be fully understood, 
one point r~gardi~g the complex arithmetic should be discussed. 
This concerns the complex conjugate, z .. From Eq. 87 it is 
. ~ 
obvious that the conj~gates are not needed in the calculations 
of the displacements or velocities. From this it follows that 
it is not necessary to find any of the conj~gates values. Thus, 
the conj~gate terms in [PJ, [Q], [QJ-1 , [ZO], [Y], etc., are 
not calculated in the pr?gram. 
Line by line description of pr?gram: 
1 to 3: DIMENSION, REAL and COMPLEX statements. Note that 
[SC3] is in the REAL statement so that it can be 
initialized to zero. 
4 to 64: These statements are almost identical to lines 3 
to 70 in the first program except that [MlJ is not 
needed here. 
65 to 67: 
68 to 70: 
71 to 73: 
74-: 
7 5 -to 7 8: 
79 to 90: 





2 The required constants, 2n, n and n+l, are formed. 
CMJ, [K] and [C] are changed to single subscript 
storage. 
[A] is formed. 
[YO] is formed. 
[K] is destroyed and is replaced by [K]-l if the 
determinate of [K] is nonsingular. 
[D) is formed. Note that [SC3] lS set equal to 
zero for the next problem. 
[A] and [D] are changed to double subscript storage. 
The e~genvalues, [ALAMDA], of [D] are calculated. 
The subroutine used can find real or complex eigen-
values of a nonsyrnmetric matrix that is destroyed 
in the process. Therefore, [D] is saved in lines 
5 through 7 of the subroutine as it is needed to 
calculate the eigenvectors. Note the order of [D] 
is destroyed ln line 44-. 
Order of [D) 1s restored. 
The eigenvectors, [Q], of [D] are calculated using 
a modified form of Gaussian elimination with pivotal 
condensation. Referring to the definition of [D] 
it is seen that the second n eigenfunctions can be 
determined directly from the first n eigenfunctions. 
Therefore, since [D] is of order 2n, only n-1 eigen-
functions need to be computed because one of them 
lS assumed. Here both the real and imaginary parts 
of eigenfunction n-1 are arbitrarily assumed to be 
one. In line 15 the order of [D] is ~ga1n destroyed. 
82 
96: The order of [D] is restored. 
97 to 121: The diagonal elements of ~PJ, called [P] here, are 
formed from [ALAMDA]. [Q]-l is formed with ALSQ 
equal to L' .. 
~ 
[Q] lS normalized. [ZO] is formed. 
The constant terms of the uncoupled equations are 
formed. 
122 to 127: WRITE [P], [Q] and literal. Note that the conju-
gate values are not written although they exist. 
128 to 129: The relative time (T) and absolute time (Tl) are 
initialized to zero. 
130 to 137: [Z] is calculated. 
138 to 142: [Y] and then [X] are calculated. 
143 to 158: These statements are identical to lines 152 to 167 
in the first program. 
159 to 164: Initialize conditions for the new problem. 
165 to 166: Increment time. 
167: Transfer control to calculate uncoupled displace-
ments. 
168: WRITE [VMAX] and [MMAX]. 
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